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The Hawking radiation of static, spherically symmetric, asymptotically flat solutions in
quadratic gravity is here scrutinized, in the context of the generalized uncertainty principle
(GUP). Near-center and near-horizon Frobenius expansions of these solutions are studied.
Their Hawking thermal spectrum is investigated out of the tunnelling method and the WKB
procedure. Computing the Hawking flux of these black hole solutions shows that, for small
black holes and for a precise combination of the GUP parameter and the parameters that
govern the gravitational interaction in quadratic gravity, the black hole luminosity can vanish.
This yields absolutely stable mini black hole remnants in quadratic gravity.
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2I. INTRODUCTION
Black hole thermodynamics has been occupying a prominent spot in physics in the last five
decades, since the Bekenstein’s conjecture was posed, asserting that black hole physics has a close
relationship with the laws of thermodynamics [1]. Thereafter, Hawking demonstrated that black
holes can indeed radiate, when quantum effects set in [2–4]. The fact that the black hole radiation
is purely thermal can state that black holes do have a well-defined temperature, being thermo-
dynamical compact objects. There exist diverse procedures to study the Hawking radiation and
the temperature of a black hole. Among them, the tunnelling method is a particularly interesting
method for calculating black hole temperature since it provides a dynamical model of the black
hole radiation.
The Hawking evaporation consists of a quantum effect involving black holes, irrespectively of
their masses. It is usually described via the tunnelling procedure [6–9] in the WKB semiclassical
approximation. In the fermionic sector, the Hawking radiation spectrum was studied as the tun-
nelling of fermions satisfying the Dirac equation through an event horizon. The tunnelling method
has also been used to calculate the Hawking flux of dark fermions [10, 11] across the event horizon
of black hole geometries. This method also encompasses small black holes, whose masses are of
the order of the Planck scale [12–15].
In this paper, we will scrutinize the Hawking flux of fermions across the event horizon of
black holes that are solutions of static, spherically symmetric, asymptotically flat solutions in
higher-derivative gravity with quadratic curvature terms, including quantum effects on the fermion
dynamics predicted by the generalized uncertainty principle (GUP). Some seminal works developed
relevant aspects of GUP. Ref. [16] studied the GUP in the context of string theory, black hole
physics and doubly special relativity, whereas bounds on the GUP parameter, based on PLANCK
observations on the cosmic inflation were discussed in Ref. [17]. Besides, Ref. [18] already predicted
that GUP effects can drive black hole remnants, whose Hawking temperature, Bekenstein entropy,
specific heat, emission rate and decay time were also calculated. GUP corrections to the entropy
and thermodynamical quantities of charged black hole were derived in Ref. [19], while GUP effects
on compact stars were discussed in Ref. [20]. Besides, an interesting study of GUP and Lorentz
violation was introduced in [21]. Other studies regarding the GUP and applications were scrutinized
in Refs. [22–27].
One may argue that if the evaporation process has an end, it will give rise to a remnant black
hole. In fact, an s-wave particle follows a trajectory outwards the black hole, that is classically
3forbidden. As a consequence of energy conservation, the black hole radius lessens as a function of
the energy of the outgoing particle. This also provides a dynamical model of black hole radiation,
since the mass of the black hole decreases, along the emission process outwards the event horizon
[9]. Similarly, if the Hawking flux is extinguished, leaving a black hole with vanishing quantum
luminosity, then a remnant black hole may be produced. A black hole remnant consists of a black
hole phase that evaporates under the Hawking radiation, which is either (absolutely) stable or long
lived. The latter is also known as a metastable remnant [28]. The central concept involving black
hole remnants consists of black holes whose size decreases during the Hawking evaporation process,
reaching a minimal length, possibly near the Planck scale lp at which point the black hole ceases
to evaporate. Notwithstanding the fact that GUP effects in black hole remnants were already
extensively studied in the literature [28–33], a detailed analysis involving GUP in higher-derivative
gravity is lacking, despite a recent development [34]. We show, in particular, that the absolutely
stable remnant case is attained for black hole solutions of quadratic gravity. We will compute
higher-derivative corrections to the Hawking flux using the tunnelling method in a GUP context,
governed by the GUP parameter β.
The paper is organized as follows: in Sect. II, we will briefly review and discuss the black hole
metric solution arising in higher-derivative gravity. Using the semiclassical approach of the WKB
approximation, the tunnelling rate and the black hole luminosity will be calculated in Sect. III,
showing that for appropriate parameters of the black hole solution in higher-derivative gravity the
black hole luminosity equals zero. It yields mini-black hole remnants. Sect. is then devoted to the
concluding remarks IV.
II. STATIC SPHERICALLY SYMMETRIC SOLUTIONS IN HIGHER-DERIVATIVE
GRAVITY
Motivated by the divergence structure appearing in the quantization of general relativity at one-
loop, Stelle came up with a gravitational theory containing quadratic curvature invariants which
turned out to be renormalizable [35], but saddly suffers from a ghost in its spectrum. Several
solutions to the ghost issue have been proposed [36–39], but no consensus has been reached so far.
The ghost seems to be harmless at energies below the Planck scale [40], which is the regime we are
mostly interested in this paper. In any case, one can always project the ghost out by a suitable
choice of boundary conditions [41, 42].
4The action of quadratic gravity
S =
∫
d4x
√−g
[
1
16piG
R− 2aRµνRµν +
(
b+
2a
3
)
R2
]
, (1)
where G denotes the 4D Newton constant, is both renormalizable and asymptotically free. In fact,
the coefficients of the quadratic curvature terms vanish asymptotically in the ultraviolet regime of
the theory. The action (1) yields the EOMs [43]
Bµν = Tµν , (2)
where
Bµν =
1
8piG
Gµν − aRµν + 1
3
(a− 3b)∇µ∇νR− 2aRρσRµρνσ
+
1
4
gµν
[
2aRρσRρσ +
2
3
(a+ 6b)R−
(
2a
3
+ b
)
R2
]
+
(
2a
3
+ b
)
RRµν , (3)
for Gµν being the Einstein tensor. The tensor (3), whose trace reads
Bµµ = −
1
16piG
R+ 6bR = Tµµ , (4)
satisfies the effective field equations
∇νBµν = 0. (5)
When b = 0, corresponding to the Einstein–Weyl theory, the sign of a can be derived when one
linearizes the Minkowski metric, namely, gµν = ηµν + hµν , yielding
− 13a
(
− 1
16piGa
)
hµν = 0 . (6)
The range a > 0 implies a stable theory, in the sense that no tachyonic instabilities sets in. In
addition, there are massive spin-2 and spin-0 excitations, respectively with masses m22 =
1
32piGa
and m20 =
1
96piGb . The former corresponds to the aforementioned ghost. Hence, one can write
Bµµ = 6b
(
−m20
)
R [43].
Solutions of the EOM (2) were scrutinized in Ref. [43], using the Frobenius procedure, with
respect to the radial coordinate, r, to implement indicial equations for the leading asymptotic
behaviour as r → 0. Ref. [44] derived the leading asymptotic profiles of the temporal and radial
metric coefficients,
ds2 = −A(r) dt2 +B(r) dr2 + r2dθ2 + r2 sin2 θ dφ2 , (7)
In fact, one can express
Bµν = diag(Btt(r), Brr(r), Bθθ(r), Bθθ(r) sin
2 θ), (8)
5whose components are related by the radial component of (5):(
Brr
A
)′
+
2Brr
Ar
+
B′Brr
2AB
− 2Bθθ
r3
+
B′Btt
2B2
≡ 0 . (9)
For any given source, Tµν , the following equations govern the system,
Btt =
1
2
Ttt , (10a)
Brr =
1
2
Trr . (10b)
Sourceless solutions, corresponding to Tµν = 0, are aimed, hereon,
Btt = 0 , (11a)
Brr = 0 . (11b)
Solutions of the coupled system (11) can be emulated as the asymptotic behaviour of solutions
to the equations of motion was analysed near the origin [44]. The temporal and radial metric
components (7) can be then expanded, in Frobenius series, as
A(r) = anr
n + an+1r
n+1 + an+2r
n+2 + . . . ,
B(r) = bm
(
rm + bm+1r
m+1 + bm+2r
m+2 + . . .
)
,
(12)
where an, bm 6= 0. Replacing the series (12) into the EOMs (11) and analysing the consistent
possibilities for the (m,n) = (1,−1) indexes yields the family of solutions [44]. The corresponding
equations can be, therefore, solved order by order, for the coefficients an, bn. Clearly, some of
the coefficients are free parameters, not being possible to determine them. One example of a free
parameter, in B(r), is a scaling of the temporal coordinate. The family of solutions read
A(r) = ζ
[
1
r
+ α1 + α2r
2 +
1
16
r3
(
α1α2 + α
4
1 + α3
)− 3
40
r4
(
α1
(
α1α2 + α
4
1 + α3
))]
, (13)
B(r) = α1r − α21r2 + α31r3 + α3r4 −
1
16
r5
(
α1
(
3α1α2 + 19α
4
1 + 35α3
))
. (14)
The parameter ζ = M/2 in Eq. (13) plays the role of the Misner–Sharp mass. Refs. [43, 44] showed
that the maximum number of integration-constant parameters that govern this family of solutions
comes from the fact that Eqs. (10a, 10b) consist of a third-order coupled system of non-linear ODE
for the metric coefficients, having four free parameters, α1, α2, α3, ζ. As it is an expansion around
r = 0, the metric (13, 14) is trustworthy for the computation of the Hawking radiation spectrum,
as terms in order beyond O(r6) are totally negligible. The family (13, 14) includes the standard
Schwarzschild solution [44], as a solution of the higher-derivative EOMs. At the origin, the family
of solutions (13, 14) presents a physical singularity, as limr→0RµνρσRµνρσ ∼ r−6 [43, 44]. This
family also includes non-Schwarzschild black holes.
6III. HAWKING RADIATION SPECTRUM, FLUX AND BLACK HOLE HAWKING
LUMINOSITY
The GUP asserts that ∆x∆p & ~2
[
1 + β∆p2
]
, for β = β0/m
2
p, being β0 a dimensionless pa-
rameter that accounts for effects of quantum gravity, having the bound |β0| . 1021 [45, 46]. In
the GUP apparatus, xj = Xj and pj = Pj (1 + β p
2) are respectively position and momentum
operators, where [Xj , Pk] = i ~ δjk. Given the spacetime metric gij , it implies that
gijp
ipj = ~2 gjk∂j∂k
(
2β ~2 gpq ∂p∂q − 1
)
. (15)
Given the set {γµ} of gamma matrices in spacetime, satisfying the Clifford–Dirac relation γµγν +
γνγµ = 2gµν , the Dirac equation, governing fermions, with electromagnetic field A
µ, reads
{iγµ [~ (∇µ +Ωµ) + i eAµ] +mI4×4}ψ(xµ) = 0 , (16)
where Ωµ = − i2 ω ρσµ Σρσ, and ω ρµ σ = e ρν eασγνµα is the spin connection. Besides, e denotes the
electric charge in Eq. (16), whereas Aµ is the electromagnetic gauge potencial. Eq. (15) can be
substituted into Eq. (16), together with the energy of a particle of mass m and electric charge e
on the mass shell, i ~ ∂0
[
1 + β
(
p2 +m2
)]
[32]. The Dirac equation then becomes
{
i ~γ0∂0 +
[
mI4×4 + γµ
(
i ~Ωµ + i~2β∂µ − eAµ
)] (
1 + β(~2 gpq ∂p ∂q −m2)
)}
ψ(xµ) = 0 . (17)
The black hole Hawking radiation for fermions can be computed with the aid of the tunnelling
procedure, where the fermion is assumed to have the following form, without loss of generality
[10]:
Ψ = (ψ1, 0, ψ2, 0)
ᵀ e
i
~ J(t,r,θ,φ) , (18)
for an action J and wavefunctions ψ1 and ψ2. It is worth emphasizing that employing the WKB
approximation, the tunnelling probability for a classically forbidden trajectory of the s-wave out-
wards the horizon reads Γ ∝ exp(2ImJ), where J is the classical action of the trajectory to leading
order in ~. When one expands the action in terms of the particle energy, the Hawking temperature
is recovered at linear order. In fact, for 2I = βE + O(E2), it yields Γ ∝ exp(2ImJ) u exp(βE).
This corresponds to the regular Boltzmann factor for emission at the Hawking temperature, for
a particle of energy E, for β = 1/T , where T is black hole horizon temperature. Higher order
terms regard self-interaction [5]. To compute the black hole temperature linear order expansion
suffices. The tunnelling method makes it possible to calculate the imaginary part of the action for
7the emitted particle. The protocol to be prescribed consists of assuming a Hamilton–Jacobi-like
ansatz that regards spin-1/2 fermions. From the symmetries of the metric that describes the black
hole geometry, the form of the action, J , will be chosen by an appropriate ansatz. This procedure is
based on applying the WKB approximation to the Dirac equation (17), corrected by GUP effects,
that governs spin-1/2 fermions. The metric (7) yields the tetrads
eαµ = diag
[√
A(r),
√
B(r), r, r sin θ
]
. (19)
Since the method for computing the tunnelling rate is representation-independent, the one used
hereon is more appropriate, for γ5 = iγ0γ1γ2γ3, where the σi denote the Pauli matrices:
γt = −i
√
A(r)γ5, γθ = r
O σ1
σ1 O
 , γr = √B(r)
O σ3
σ3 O
 , γφ = r sin θ
O σ2
σ2 O
 .(20)
Eqs. (18, 20) replaced in the GUP-corrected Dirac equation, (17), yields the following EOMs, using
the WKB regime to order in ~:
ψ1
{
i√
A
[
J˙−eAt
(
1−β(m2 + κ))]−m (1− β(m2 − κ))} = ψ2 (1− β(m2 − κ)) J ′√
B
, (21)
ψ2
{
i√
A
[
J˙ + eAt
(
1− β(m2 + κ))]+m (1− β(m2 − κ))} = −ψ1 (1− β(m2 − κ)) J ′√
B
, (22)
(
1− β(m2 + κ))( ∂
∂θ
+
i
sin θ
∂
∂φ
)
J = 0 , (23)
with J ′ = ∂J∂r , J˙ =
∂J
∂t , and
κ = B J ′2 +
1
r2
(
∂J
∂θ
)2
+
1
r2 sin2 θ
(
∂J
∂φ
)2
. (24)
Expressing the action as
J = −ω t+ w(r) + Θ(φ, θ) , (25)
with ω denoting the energy of the emitted fermionic spectrum, the tunnelling rate will be then
computed [6, 7, 30]. Substituting Eq. (25) in Eq. (23) yields(
∂Θ
∂θ
+
i
sin θ
∂Θ
∂φ
)[
β
(
B (w′)2 +
1
r2
(
∂Θ
∂θ
)2
+
1
r2 sin2 θ
(
∂Θ
∂φ
)2
+m2
)
− 1
]
= 0. (26)
As the part of the equation, that is in the inner side of the square brackets, will be not identically
null, one must have (
∂
∂θ
+
i
sin θ
∂
∂φ
)
Θ = 0. (27)
8This means that the Θ function will not contribute for the tunnelling process. Now, replacing
Eqs. (25, 27) into Eqs. (21, 22), yields
ξ0 + ξ1w
′2 + ξ2w′4 + ξ3w′6 = 0 , (28)
where
ξ0 = −
[
e2A2t +m2A
] (
1− βm2)2 + 2ω eAt (1− βm2)−ω2 , (29a)
ξ1 =
β
B
{
A
(
1− β2m4)+ 2 eAt [eAt (1− βm2)−ω]} , (29b)
ξ2 = A
(
2− βm2)− β2
B2
e2A2t , (29c)
ξ3 = β
2 A
B3
. (29d)
In what follows the scaling ζ 7→ ζmp , α1 7→ α1mp, α2 7→ α2m3p and α4 7→ α4m4p is more illustrative
and will be adopted.
Let us denote by w± the corresponding motion away from (+) and toward (−) the black hole
horizon. The ± cases correspond to outgoing/incoming solutions of the same spin. Note that
neither of these cases is an antiparticle solution since we assumed positive frequency modes as a
part of the ansatz. In computing the imaginary part of the action, both Θ and w± are, in general,
complex functions. Therefore, they will contribute for the emission probability, Γ , defined to be
the probability of outward scattering-to-probability of inward scattering ratio.
Solving Eq. (28) on the event horizon yields the imaginary part of the action,
Imw±(r) = ±pi
4
r2+ω (1 + βΛ)
r+ − χ r− , (30)
where
χ =
2ζ
(
3 ζ3/m3p + ζ/mp
)
m5p
(
5ζα21α2 + α3
) ( ζ
2mp
+ gα
) , (31a)
Λ =
3
2
m2 +
em2At
ω− eAt −
12 e2Atm6p
(
2(ζ4α31α2α3) + 3α
5
1α
2
2
)
ζm11p + 8ζ
2α41α
2
2α3 + 9m
3
pζα
3
1α2α3
+
ζω
ζ/mp + gα
, (31b)
for
gα =
2
m16p
ζ4α61α
2
2α
2
3 +
4
m8p
ζ2α31α2α3
+
[(
α21m
2
pr
(
15α2m
3
pr
3 + 32
)
+ 95α51m
5
pr
4 + α1mp
(
175α3m
4
pr
4 − 16)− 64α3m4pr3
−48α31m3pr2
) (
r3
(
3r
(
α1α2 + α
4
1 + α3
)
m4p (8α1mpr − 5)− 160α2m3p
)
+ 80
)]1/2 ∣∣
r=r+
(32)
9and
r± = − 4α2
α3mp
±
√
2
√
8α22
α23m
2
p
+
fα2,α3
32/3α3m4p
+
1
3
√
3fα2,α3
+
1
2

256α32
α33
√√√√ 4α22α23m2p + 3
√
3α3m4p+f
2
α2,α3
6α3m4p
3
√
12α22m
6
p+
√
144α42m
12
p −
α33
3
− 128α
2
2
α23m
2
p
+
8fα2,α3
32/3α3
+
8
3
√
3fα2,α3
 . (33)
Eq. (33) is displayed for α1 = 0, where fα2,α3 =
3
√
36α22m
6
p +
√
1296α42m
8
p − 3α33m12p . For α1 6= 0,
the general solution, having dozens of pages, is opted not to be displayed here.
Thus, the tunnelling rate of fermions reads
Γ ' e
−2 ImΘ−2 Imw+
e−2 ImΘ−2 Imw−
' exp
[
−8piM (1 + βΛ)ω
m2p
]
. (34)
As ζ = M/2 in Eq. (13), in particular for Schwarzschild-like black holes, the tunnelling rate (34)
has the proper form Γ = exp
(
−8piMω
m2p
)
when no GUP effects are considered, i.e., when β→ 0.
In what follows, for the sake of simplicity, one takes At = 0 and express
βΛ = β0
(
3m2
2m2p
+
ζω
ζ/mp + gα
)
. (35)
The tunnelling rate of evaporation, Γ , is plotted in Figs. 1-5 for various cases.
Taking into account that ω ∼ m2p/ζ, the tunnelling rate of evaporation (34) can be written as
the Boltzmann term Γ = exp (−ω/T ), where
T =
m2p
4pi ζ (1 + βΛ)
. (36)
It is worth emphasizing that
T0 =
~
4pi
[√
A′(r)(B−1)′(r)
]
r=r±
=
m2p
64
√
5piζ
+
[(
α21m
2
pr
(
15α2m
3
pr
3 + 32
)
+ 95α51m
5
pr
4 + α1mp
(
175α3m
4
pr
4 − 16)− 64α3m4pr3
−48α31m3pr2
) (
r3
(
3r
(
α1α2 + α
4
1 + α3
)
m4p (8α1mpr − 5)− 160α2m3p
)
+ 80
)]1/2 ∣∣
r=r+
(37)
is the Hawking temperature of the black hole (13, 14), obtained with the tunnelling method [8]. The
tunnelling rate (34), thus, coincides to the Hawking standard one for black holes with a sufficiently
large mass, M = ζ/2, such that the GUP correction is insignificant.
When the black hole mass is near the Planck scale, the Λ function (31b) depends on ω ∼M =
ζ/2 ∼ mp. In this regime, the fermion mass is clearly negligible. For particles emitted in a wave
10
mode labelled by energy ω and `, the probability for a black hole to emit a particle is equal to
exp
(−ωT ) times the probability for a black hole to absorb a particle in the same mode, where T is
the black hole temperature. Balance condition demands that the ratio of the probability of having
N particles in a particular mode to the probability of having N − 1 particles in the same mode is
exp
(−ωT ) . Hence, the average number n`(ω) in the mode n`(ω) = n (ωT ) can be derived, where
n (x) = 1expx+1 , for fermions. Ref. [47] counted the number of modes, per frequency range, with
periodic boundary conditions, around a black hole. The expected number emitted per mode n`(ω),
to the average emission rate per frequency range, reads
dn`(ω)
dt
= n`(ω)
∂ω
∂pr
dpr
2pi~
= n`(ω)
dω
2pi~
, (38)
where ∂ω∂pr is the radial velocity of the particle, whereas the number of modes in the range
(pr, pr + dpr) is given by
dpr
2pi~ , where pr =
∂J
∂r is the radial wavevector.
Besides, also the temperature is dependent on ω ∼ mp. To carry out this dependence, let us
consider Hawking fermions of energy ω in some given mode `. Their emission probability can be
described by the rate Γ(ω) = e−ω/T (ω), up to a factor that encodes the absorption probability of
the fermions by the black hole. To quantify this reasoning, one denotes the average number of
fermions carried by each ` mode, n`(ω) = (1 + exp(ω/T ))
−1 = Γ(ω)1+Γ(ω) . Since each particle carries
off the energy ω, the total luminosity is obtained from dn`(ω)dt by multiplying by the energy ω and
summing up over all energy ω and `,
L =
1
2pi~
∞∑
`=0
(2`+ 1)
∫ ∞
0
ωn`(ω)dω. (39)
However, some of the radiation emitted by the horizon might not be able to reach the asymptotic
region. One needs to consider the greybody factor |G` (ω)|2, where G` (ω) represents the transmis-
sion coefficient of the black hole barrier which in general can depend on the energy ω and angular
momentum l of the particle. Therefore, black hole luminosity reads
L =
1
2pi~
∞∑
`=0
(2`+ 1)
∫ ∞
0
ωn`(ω) |G` (ω)|2 dω , (40)
where G` (ω) denotes the grey-body factors. For small black holes, when m
2
p/M  ω, in the
continuum limit, the luminosity reads
L =
T 4 ζ2
2pimp lp
∫ ∞
0
(
ω
T (ω)
)3
d
(
ω
T (ω)
)∫
0
n
[
ω
T (ω)
(
1 +
` (`+ 1)m6p
16pi2ωT (ω) ζ4
)]
d
(
`(`+ 1)
ζ2ω2
)
. (41)
Modelling the black hole by a sphere introduces an upper bound on the absorbed ` modes, given
by `(`+ 1)m4p . 274 ζ2ω2 [29], as the ` modes beyond this range will not constitute the absorption
spectrum of the black hole.
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Applying the metric (7) with coefficients (13, 14), for M ' mp, the flux is given by
L(ζ,β0,m) u
pim3p
2 lp ζ2
[
1 +
α21(α1α2 − α3)
α21α3 − α22
]
+ β0
mp
lp
(
pim2p
2 ζ2gα
− ζ − 6mp
18 (α1α2 + α3) 8mp
Fα
)
, (42)
where
Fα = 2
3
√
2α61m
7
p
6
√
α2 (α1α2 + α3) 2m9p
(
4α91 + 243α2(α
2
2α
2
1 + 2α2α3α1 + α
2
3)
)
−243α2m11p (α22α21 + 2α2α3α1 − α23)− 2α91m9p − 2α31m3p
+22/3m21/2p
[√
α2 (α1α2 + α3) 2
(
4α91 + 243α2(α
2
2α
2
1 + 2α2α3α
2
1 + α
2
3)
)
−2α91m9p − 243m8p(α32α21 + α23)
]1/3
(43)
The black hole evaporation rate M˙ ' −L, with regards to the radiation flux (42), leads to the
Hawking temperature for β0 = 0 and vanishes for a certain value M = M0.
Before proceeding to the determination of black hole remnants, it is important to realize that
the parameters, α1, α2, α3, in the metric coefficients (13, 14) are (a priori) free, as integration-
constant parameters that govern the family of solutions of Eqs. (10a, 10b). However, to shed new
light on physical aspects of these solutions, one can constrain the parameters α1, α2, α3. In fact,
one can implement, for example, the classical tests of GR in the Solar system, further probing
physical constraints on these free parameters. Hence, the perihelion precession of Mercury, the
deflection of light by the Sun and the radar echo delay observations, consisting of well known tests
for several solutions in GR, can be here applied in the context of the metric coefficients (13, 14),
to observationally and experimentally constrain the free parameters. Considering the light speed
c = 2.998× 108 m/s, the Solar mass M = 1.989× 1030 kg, let one regards the motion of a planet
on a Keplerian ellipse with semi-axes a1 and a2, where a2 = a1
√
1− e2, where e = 0.205615 is
the eccentricity of the orbit; a1 = 57.91 × 109 m, the Sun radius is R = 6.955 × 108 m and the
Newton’s gravitational constant reads G = 6.67× 10−11 m3kg−1s−2. Therefore, the classical tests
of GR [48, 49], applied to the metric (7) with metric coefficients (13, 14), yield a lower bound for
the parameters α1, α2, α3, given by
|α1α2| . |59.28± 73.04| m−3, (44)
for the perihelion precession, whereas
|α1α3| . |17.37± 69.48| m−4, (45)
for the light deflection. Finally, the radar echo delay analysis yields the bound
|α2α3| . |37.02± 40.21| m−4. (46)
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Due to the form of the metric coefficients (13, 14), it is not possible to obtain separate bounds for
each one of the parameters αi.
For β0 > 0, the GUP term in Eq. (42) can attain negative values, thus compensating the
Hawking radiation for some values of α1, α2 and α3. In particular, for 0 < β0  1, the Hawking
flux vanishes for
M0(β0) u 3β
−1/2
0 mp, for α1 = −3.419, α2 = 1.673, α3 = 2.137. (47)
When β0 u 1, the Hawking flux is equal to zero when
M0(β0) u 3.7mp, for α1 = 2.316, α2 = 12.420, α3 = −0.219. (48)
For β0  1, the critical mass, for which the Hawking flux vanishes, producing black hole remnants,
reads
M0 ∼ 7.1mp, for α1 = −5.372, α2 = 11.003, α3 = 2.914. (49)
These particular values of the αi parameters, in Eqs. (47) – (49), are in full agreement with the
physical bounds (44) – (46).
It is worth noticing that for β = 0 the Hawking flux does not vanish, whatever the values of
α1, α2, α3, ζ are taken in the metric (13, 14).
A crucial question when one tries to construct a quantum theory of gravity is its renormaliz-
ability. A conservative approach to obtain a renormalizable theory of gravity consists of adding
higher-order terms to the theory. Among all possibilities of finding a renormalizable model, an
action with curvature invariants up to second order stands out for its simplicity. Such theory is
described by the action (1), which is equivalent to the theory studied in Ref. [35]
S =
∫
d4x
√−g
(
1
16piG
R+ bR2 − aCµνρσCµνρσ
)
, (50)
for Cµνρσ being the Weyl tensor components, due to the Gauss-Bonnet invariant.
As the Frobenius expansion was obtained near the origin in (13, 14), it is now opportune to
analyze the possibility of black hole remnants for an expansion around a nonzero radius rh. Ref.
[35] showed that in static and asymptotically flat backgrounds, the existence of an event horizon
yields a vanishing Ricci scalar. Therefore the Schwarzschild solution is also the solution of the (50).
Hence, the quadratic theory consists of Einstein–Weyl gravity, with action (50) with b = 0. The
13
FIG. 1. Hawking radiation spectrum Γ
(normalized by the ζ
α3
ratio) with respect
to both ω and the black hole mass M =
ζ/2 (in powers of mp), for β0 = 10
5 and
α1 = α2 = 1.
FIG. 2. Hawking radiation spectrum Γ
(normalized by the ζ
α3
ratio), with respect
to both ω and the black hole mass M =
ζ/2 (in powers of mp), for β0 = 0 = α1 =
α2.
FIG. 3. Boltzmann factor, with respect
to both ω and the fermion mass m, for
β0 = 10
5 and α1 = α2 = 1.
FIG. 4. Hawking radiation spectrum Γ
(normalized by the ζ
α3
ratio), with respect
to both ω and the fermion mass m, for
β0 = 0 = α1 = α2.
FIG. 5. Hawking radiation spectrum Γ (normalized by the ζ
α3
ratio), with respect to both ω and β0, for α1 = α2 =
0.1.
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corresponding EOMs read, for the metric (7),
r2
[
A
(
2
A′′
B
− A
′B′
B2
)
−A′2
]
+ 4A
[
rfA′ −A
(
B′
B2
r − 1
B
+ 1
)]
= 0 (51)
a
{
r3
A′
B
[
−AA
′B′
B2
+
A′2
B
+ 2A2
(
2B′2
B3
− B
′′
B2
)]
− A
B2
(
3r2A′2 + 8A2
)
−2A
2
B
(
−r2A′ B
′
B2
− 2A
(
r2
(
2B′2
B3
− B
′′
B2
)
+ r
B′
B2
+ 2
))
− rA3 B
′
B2
(
3r
B′
B2
+ 4
)}
+
1
8piG
r2B
(
rA′ +A(1−B)) = 0 . (52)
The Schwarzschild standard metric, considering A(r) = 1/B(r) = 1 − 2Mr , for rh = 2M in this
case, satisfies the EOMs (51, 52).
The quadratic gravity theory does not present an analytical solution, but a Frobenius expansion
around the event horizon rh:
1
B(r)
=γ1(r−rh) +
(
3
128piGa
− 3
128piGaγ1rh
− 2γ1
rh
+
1
r2h
)
(r−rh)2+O(r − rh)3 , (53)
A(r)=γ2
[
(r−rh) +
(
− 1
128piGaγ1
+
1
128piGaγ21rh
+
1
γ1r2h
− 2
rh
)
(r−rh)2+O(r − rh)3
]
, (54)
As accomplished for the near-origin Frobenius expansion (13, 14), the near-horizon case (53, 54)
has also a priori three free parameters, a, γ1, γ2, coming from the EOM (52), as integration con-
stants. Implementing again the classical tests of GR [48, 49], applied to the metric (7) with metric
coefficients (53, 54), constrains the parameters a, γ1, γ2. In fact,
|γ2| . |10.1± 12.4| m−1, |aγ1| . |8.2± 10.0| m−4.Kg.s2 (55)
for the perihelion precession, whereas
|aγ21 | . |9.3± 37.2| m−5.Kg.s2, (56)
for the light deflection. Besides, the radar echo delay yields the constraint∣∣∣ γ2
aγ1
∣∣∣ . |2.5± 2.7| m3.Kg−1.s−2. (57)
One can compute the Hawking radiation flux and the black hole luminosity as well, for the
metric (53, 54)
L u
pim3p
16 lp rh
[
1 +
a2γ1γ2
pi(γ21 + 2γ
2
2)
]
+ β0
mp
lp
 2pim2p
rh +
2a2γ1γ2
pi(γ21+γ
2
2)
− γ1γ2m
2
prh
196
(
3γ21 + 4γ
2
2
)
mp
Gγ
 , (58)
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where
Gγ =
1
2
{
a2
16γ22m
2
p
− 1
6 3
√
2γ2mp
(
27a2γ1mp +
[
27a2γ1mp − 9aγ2γ1m2p + 144γ2γ21m3p − 54γ32m3p
)
2
−9aγ2γ1m2p + 2γ31m3p + 144γ2γ21m3p − 54γ32m3p
]1/3
+ 4
(
3aγ2mp + γ
2
1m
2
p + 24γ2γ1m
3
p
)
3
3 22/3γ2mp
[√(
27a2γ1mp − 9aγ2γ1m2p + 2γ31m3p + 144γ2γ21m3p
)
2 + 4
(
3aγ2mp + γ21m
2
p
)
3
−9aγ2γ1m2p + 2γ31m3p + 144γ2γ21m3p +
γ1
3γ2
]1/3}
(59)
Similarly to the analysis accomplished for the Frobenius expansion around the origin, the second
term in Eq. (58) can be negative, canceling the Hawking radiation out, for some critical masses,
near the Planck scale.
After numerical routines, we derive that, in the range 0 < β0  1, the Hawking radiation flux
equals zero, leaving black hole remnants, for
M0(β0) u 2β
−1/2
0 mp, for γ1 = 2.652, γ2 = 3.002 a = 1.539. (60)
In the range β0 u 1, the Hawking radiation flux is equal to zero when
M0(β0) u 4.4mp, for γ1 = −0.470, γ2 = 1.381, a = 1.227. (61)
Finally, the range β0  1 yields
M0 ∼ 6.1mp, for γ1 = 1.109, γ2 = −1.562, a = 2.780. (62)
These particular values of the αi parameters, in Eqs. (47 – 49), are in full agreement with the
physical bounds (55 – 57). For β = 0, when no GUP effects are taken into account, the Hawking
flux does not vanish.
Comparing the results (47) – (49) and (60) – (62) with other previous results in the literature
is not an easy task, since the respective black hole solutions investigated in this work are solutions
of quadratic gravity. In Ref. [12], MGD black holes were studied, in a totally different context of
gravity. However, also black hole remnants were shown to exist. In fact, in the range β0 ' 1, black
hole remnants with mass M0 ∼ 2.6mp were derived, whereas for β0  1 the critical mass reads
M0 ∼ 2.2mp. We conclude that higher-order gravity with GUP effects magnify the critical black
hole masses, but keeping them of order of the Planck scale.
IV. CONCLUDING REMARKS
The tunnelling method in the WKB approximation, in a GUP context, was here applied to static,
spherically symmetric and asymptotically flat solutions in higher-derivative gravity with quadratic
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curvature terms. Taking into account GUP effects, we investigated the particles tunnelling in
the background of static, spherically symmetric, asymptotically flat solutions in quadratic gravity.
These solutions, previously studied in Refs. [43, 44], contained free parameters, that have been
bounded, by observational and experimental data, regarding the the classical tests of GR in the
Solar system, including the perihelion precession of Mercury, the deflection of light by the Sun
and the radar echo delay. The bounds on the parameters of the near-origin black hole solutions
obtained are displayed in Eqs. (44) – (46), whereas the constraints on the parameters of the near-
horizon black hole solutions are shown in Eqs. (55) – (57). In this spacetime configurations, we
showed that the corrected Hawking temperature is not only determined by the properties of the
black holes, but also dependent on the mass of the emitted fermions.
The black hole solutions evaporation was scrutinized, in both the near-origin and near-horizon
expansions. The GUP-corrected Dirac equation was solved by the Hamilton–Jacobi method. We
showed that the Hawking flux of fermions emitted by black holes can vanish for a critical masses (47)
– (49), respectively for fixed sets of parameters in the metric (13, 14), in the allowed range of the
parameters in the black hole solutions, obtained in Eqs. (44) – (46). Besides, the Hawking radiation
in the vicinity of a black hole in a higher-derivative theory of gravity, which includes the quadratic
Weyl modification to the Einstein-Hilbert action, was also studied. The black hole evaporation
that we have found is largely different from the Schwarzschild one. In fact, also in the near-horizon
expansion we showed that the Hawking flux of fermions emitted by black holes can also vanish, for
critical masses (60) – (62), in agreement with the range of parameters in the black hole solutions
(55) – (57), for fixed sets of parameters in the metric (53, 54). Both analyses bring the possibility
of absolutely stable black hole remnants in the quadratic gravity setup. These remnants are stable
also under (small) linear perturbations. The Hawking temperature of static, spherically symmetric
and asymptotically flat solutions in quadratic gravity was also shown to be corrected by GUP
effects. As a perspective, one may compute the information entropy that underlies these solutions
[50].
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